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COUNTING COMPOSITIONS,
TRANSCENDENTAL NUMBERS,
AND APPLICATIONS TO ALGEBRA
VESSELIN DRENSKY
To Antonio Giambruno for his anniversary
Abstract. We study colored (or weighted) compositions which represent pos-
itive integers as a sum of positive integers from a multiset A. We prove that if
the greatest common divisor of the elements of A is equal to 1, then the number
bn of colored compositions in consideration satisfies that βA = limn→∞
n
√
bn
exists and show how to find it in terms of A. Using classical results from
analytic number theory we construct sets A such that βA is a transcendental
number. We apply these results to free graded semigroups and the associated
to them free associative algebras. As a main application we consider minimal
varieties of associative algebras over a field of characteristic 0. We calculate
the generating functions for the number of minimal varieties of a given expo-
nent and for the number of minimal varieties with a given Gelfand-Kirillov
dimension of their relatively free algebras of rank d.
Introduction
A composition ν = (ν1, . . . , νm) of a positive integer n is a representation of n as
a sum of positive integers ν1, . . . , νm taking into account the order of the summands.
We shall be interested in colored (or weighted) A-compositions. This means that
the summands are from a given nonempty subset A of N and the elements νi of A
participate in A with some weights (or multiplicities) aνi , and the equal νi’s are in
different colors in order to be distinguished.
For example, if A = {1,2, 2, 3, 5, 6}, then the compositions (2, 1, 2,2, 5) and
(2, 1,2, 2, 5) are different.
Let
a(t) =
∑
k≥1
akt
k and b(t) =
∑
n≥0
bnt
n
be, respectively, the generating function of A counting the multiplicities of its ele-
ments and the generating function of the number of colored A-compositions of n.
If the elements of A have a common divisor d > 1, then all nonzero coefficients bn
of the power series b(t) have subscripts n divisible by d only.
If the elements of A are coprime, then all coefficients bn are nonzero for n large
enough. It is well known that if r is the radius of convergence of the power series
2010 Mathematics Subject Classification. 05A17; 11J81; 11P82; 16R10; 16S10; 20M05; 68R15.
Key words and phrases. compositions, generating functions, transcendental numbers, free
semigroups, free algebras, minimal varieties of algebras, exponent of variety, Gelfand-Kirillov
dimension.
Partially supported by Grant KP-06 N 32/1 of 07.12.2019 “Groups and Rings – Theory and
Applications” of the Bulgarian National Science Fund.
1
2 VESSELIN DRENSKY
b(t), then
bn ⊲⊳
1
rn
, i.e. bn =
ϑ(n)
rn
, lim sup
n→∞
n
√
ϑ(n) = 1.
It is a natural question what is the behavior of the function ϑ(n). In particular, is
it true that
lim sup
n→∞
n
√
bn = lim inf
n→∞
n
√
bn or, equivalently, whether lim
n→∞
n
√
bn exists?
We establish that lim
n→∞
n
√
bn does exist and show how to express it in terms of a(t).
Using classical results from analytic number theory we construct sets A with the
property that lim
n→∞
n
√
bn is a transcendental number.
We give two algebraic applications of these results. The first one deals with free
graded unitary semigroups and associated to them free associative algebras. The
second application concerns the so called minimal varieties of associative algebras
over a field K of characteristic 0. We calculate the generating function counting the
number of minimal varieties of a given exponent. Then we solve the same problem
for the generating functions which give the number of minimal varieties with a given
Gelfand-Kirillov dimension of their relatively free algebras of rank d.
1. Colored compositions
For a background on theory of compositions we refer to the book by Heubach
and Mansour [HeM]. In this section A is a nonempty multiset of positive integers
such that every k ∈ A appears with multiplicity ak ≥ 0 and
a(t) =
∑
k≥1
akt
k
is its generating function. The following statement is well known, see, e.g. [HeM,
Section 3.5] or Moser and Whitney [MW].
Lemma 1.1. The generating function b(t) which counts the number of colored
A-compositions of n is expressed in terms of the generating function a(t) of the
multiset A as
b(t) =
1
1− a(t)
.
In the applications in Section 4 the radius of convergence of the power series a(t)
is equal to 1. We shall need the following lemma.
Lemma 1.2. If the radius of convergence of the power series a(t) =
∑
k≥1
akt
k with
nonnegative integer coefficients ak is equal to 1, then the equation a(t) = 1 has a
positive solution.
Proof. By the theorem of Abel for power series, if the series a(t) =
∑
k≥1
akt
k has a
radius of convergence equal to 1 and the series
∑
k≥1
ak converges, then
lim
t→1−
a(t) =
∑
k≥1
ak.
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The same holds when the series
∑
k≥1
ak diverges to infinity. In our case this gives
that the function a(t) is continuous in the interval [0, 1) and hence takes all values
from a(0) = 0 to infinity. In particular, the equation a(t) = 1 has a solution in the
interval (0, 1). 
Remark 1.3. The following easy example shows that the condition that the radius
of convergence of the power series with nonnegative integer coefficients is equal to
1 is essential in Lemma 1.2. We start with the Riemann ζ-function
ζ(s) =
∑
k≥1
1
ks
and the well known equality
ζ(2n) =
(−1)n+1B2n(2π)
2n
2(2n)!
, n ≥ 1,
where B2n is the 2n-th Bernoulli number. It is also well known that ζ(2n) < 2,
n ≥ 1. For example,
ζ(2) = 1 +
1
22
+
1
32
+ · · · =
π2
6
= 1.6449 . . . ,
ζ(4) = 1 +
1
24
+
1
34
+ · · · =
π4
90
= 1.0823 . . . .
Now we consider the power series
a(n)(t) =
∑
k≥2
⌈
2k
k2n
⌉
tk, n ≥ 1,
where ⌈m⌉ is the integer part of m. Obviously the radius of convergence of a(n)(t)
is equal to
1
2
and
a(n)
(
1
2
)
< ζ(2n)− 1 < 1.
Hence the equation a(n)(t) = 1 does not have a positive solution.
The following theorem is the main result of this section and the main tool in our
further considerations.
Theorem 1.4. Let the multiset A with generating function a(t) have the property
that the greatest common divisor of its elements is equal to 1. Let the series a(t)
have a radius of convergence ̺ equal to 1 or ̺ < 1 and a(̺) ≥ 1. Then for the
coefficients of the generating function b(t) of the A-compositions the limit
βA = lim
n→∞
n
√
bn
exists and β−1A is equal to the positive solution α of the equation a(t) = 1.
Proof. The set S of all integers n which allow A-compositions forms an additive
subsemigroup of N0 generated by the elements of A. By a well known result on nu-
merical semigroups, see, e.g. [RG-S], S is a numerical semigroup since the greatest
common divisor of the elements in A is equal to 1. Hence there exists an n0 such
that all integers n ≥ n0 belong to S. The radius of convergence of the power series
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1
1− z
is equal to 1. Since b(t) =
1
1− a(t)
by Lemma 1.1, the radius of convergence
of the series b(t) is equal to the unique positive solution α of the equation a(t) = 1.
As we mentioned in the introduction,
bn = β
nϑ(n), β =
1
α
, lim sup
n→∞
n
√
ϑ(n) = 1.
Hence bn < (β + ε)
n for any ε > 0 and n sufficiently large. Let 0 < ε < β. There
is a sequence n1 < n2 < · · · such that
bni > (β − ε)
ni , i = 1, 2, . . . .
From two A-compositions ν = (ν1, . . . , νm) and ν
′ = (ν′1, . . . , ν
′
m′) of n1 we obtain
an A-composition (ν, ν′) = (ν1, . . . , νm, ν
′
1, . . . , ν
′
m′) of 2n1. Hence b2n1 ≥ b
2
n1
and,
similarly,
bpn1 ≥ b
p
n1
> (β − ε)pn1 , pn1
√
bpn1 > β − ε, p = 1, 2, . . . .
Since bn0 , bn0+1, · · · , b2n0 ≥ 1, with the same arguments we obtain that
bn1+n0 , bn1+n0+1, . . . , bn1+2n0 ≥ bn1 ,
b(n1+n0)+n0 , b(n1+n0)+n0+1, . . . , b(n1+n0)+2n0 = bn1+3n0 ≥ bn1 ,
bn1+q ≥ bn1 > (β − ε)
n1 , q ≥ n0.
Hence
b2n1+q ≥ bn1 > (β − ε)
n1 , bpn1+q ≥ b(p−1)n1 > (β − ε)
(p−1)n1 p ≥ 2, q > 0,
and for p ≥ 2, 0 ≤ q < n1, n = pn1 + q > 2n1,
bn > (β − ε)
(p−1)n1 =
(β − ε)n
(β − ε)n1+q
, n
√
bn > (β − ε)
n
√
1
(β − ε)n1+q
.
Since
lim
n→∞
n
√
1
(β − ε)n1+q
= 1,
we obtain that
lim
n→∞
n
√
bn = β
and this completes the proof. 
Remark 1.5. If, as in Remark 1.3, the radius of convergence ̺ of the power series
a(t) with nonnegative integer coefficients is less than 1 and a(̺) < 1 (or the series
diverges to infinity for any t > 0), then Theorem 1.4 is still valid if we replace the
positive solution of the equation a(t) = 1 with ̺ or with 0 in the case of divergence.
Remark 1.6. If the multiset A with generating function a(t) has the property that
the greatest common divisor of its elements is equal to d, then we can rewrite a(t)
and b(t) in the form
a(t) =
∑
k≥1
adkt
dk, b(t) =
∑
n≥0
bdnt
dn
and, as in Theorem 1.4, we obtain the existence of the limit
βA = lim
n→∞
dn
√
bdn.
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2. Transcendental numbers and lacunary series
From modern point of view the first explicitly constructed transcendental number
found by Liouville [L]
α =
∑
k≥1
1
10k!
is an evaluation of the so called strongly lacunary series
a(t) =
∑
k≥1
tk!.
(The series a(t) =
∑
i≥1
akit
ki is strongly lacunary if lim
i→∞
ki+1
ki
= ∞.) For a survey
on the recent results in this direction see, e.g. Kaneko [Ka]. We shall use the
following partial case of a theorem of Cohn [C].
Theorem 2.1. Let
a(t) =
∑
i≥1
akit
ki , ki ∈ N, 0 < k1 < k2 < · · · ,
lim
i→∞
ki+1
ki
= lim
i→∞
ki+1
log(max{ak1 , . . . , aki})
=∞.
Then a(α) is transcendental for every nonzero algebraic α within the circle of con-
vergence of a(t).
Mahler [Ma1] removed the condition for the limit for log(max{ak1 , . . . , aki}) and
proved a version of Theorem 2.1 for strongly lacunary series.
As immediate consequences of Theorem 2.1 and Lemma 1.2 we obtain the fol-
lowing.
Corollary 2.2. Let a(t) be a power series with nonnegative integer coefficients
which satisfies the conditions of Theorem 2.1 and has a radius of convergence equal
to 1. Then the positive solution of the equation a(t) = 1 is a transcendental number.
Corollary 2.3. Let a(t) be a power series with nonnegative integer coefficients
which satisfies the conditions of Corollary 2.2 and has a radius of convergence
equal to 1. Let A be the associated to a(t) multiset. Then for the number bn of the
A-compositions of n
βA = lim
n→∞
n
√
bn
is a transcendental number.
Example 2.4. If we take A = {1!, 2!, 3!, . . .}, then Corollary 2.3 gives that
βA = lim
n→∞
n
√
bn
is a transcendental number.
6 VESSELIN DRENSKY
3. Free graded semigroups and free associative algebras
Let Y be an arbitrary set and let 〈Y 〉 be the free unitary semigroup freely
generated by the set Y . As usually we say that 〈Y 〉 is graded if there is a map
deg : 〈Y 〉 → N = {0, 1, 2, . . .} such that
deg(uv) = deg(u) + deg(v), u, v ∈ 〈Y 〉.
In the sequel we assume that deg(y) > 0 for all y ∈ Y and the set of the generators
of degree k
Yk = {y ∈ Y | deg(y) = k}, k = 1, 2, . . . ,
is finite for any k = 1, 2, . . .. Then the set 〈Y 〉(n) of elements of degree n in 〈Y 〉
is also finite. We fix the notation |Yk| = ak and |〈Y 〉
(n)| = bn, and introduce the
generating functions
a(t) =
∑
k≥1
akt
k, b(t) =
∑
n≥0
bnt
n.
The following lemma is well known.
Lemma 3.1. Let 〈Y 〉 be a free unitary graded semigroup, let a(t) be the generating
function which counts the number of free generators of a given degree, and let A be
the associated to a(t) multiset. Then there is a canonical bijective correspondence
between the elements of degree n in 〈Y 〉 and the A-compositions of n.
Proof. If yki, i = 1, . . . , ak, are the free generators of degree k in Y , and k
(i),
i = 1, . . . , ak, are the ak copies of k in A, then we define a bijective map sending
the element u = yk1ii · · · ykpip ∈ 〈Y 〉 to the A-composition (k
(ii)
1 , . . . , k
(ip)
p ). 
Hence we obtain immediately analogues of Theorem 1.4, Corollaries 2.2 and 2.3,
and Example 2.4. We shall restate only Example 2.4.
Example 3.2. If the set Y = {y1!, y2!, . . .} consists of elements of degree k!, k =
1, 2, . . ., then for the sequence of the numbers bn of elements of degree n in the free
graded semigroup 〈Y 〉 the limit
β = lim
n→∞
n
√
bn
exists and is a transcendental number.
Let K be an arbitrary field. If Y is a graded set, then the free associative algebra
K〈Y 〉 is a K-vector space with basis 〈Y 〉 with multiplication extending by linearity
the multiplication of the free semigroup 〈Y 〉. Then the Hilbert series of K〈Y 〉 is
the formal power series
H(K〈Y 〉, t) =
∑
n≥0
dim(K〈Y 〉(n))tn,
where K〈Y 〉(n) is the homogeneous component of degree n of K〈Y 〉. Clearly,
H(K〈Y 〉, t) is equal to the generating function b(t) of the sequence |〈Y 〉(n)|, n =
0, 1, 2, . . .. Hence we can restate Theorem 1.4, Corollaries 2.2 and 2.3, and Example
2.4 in the language of the coefficients of the Hilbert series of K〈Y 〉.
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4. Minimal varieties of algebras
The problems studied in this section were the main motivation to start the
present project. We consider associative algebras over a field K of characteristic 0.
The polynomial f(x1, . . . , xn) ∈ K〈X〉 = K〈x1, x2, . . .〉 is a polynomial identity for
the algebra R if
f(r1, . . . , rn) = 0 for all r1, . . . , rn ∈ R.
The algebra R is called a PI-algebra if it satisfies a nontrivial polynomial identity.
The class R of all algebras satisfying a given system of identities is the variety
of algebras defined by the system. The sets T (R) and T (R) of all polynomial
identities of the algebra R and the variety R, respectively, are called T-ideals. If
T (R) = T (R), then the variety R is generated by the algebra R. It is well known
that over a field of characteristic 0 the polynomial identities of the PI-algebra R
are determined by its multilinear polynomial identities, i.e. the identities from the
vector spaces
Pn = span{xσ(1) · · ·xσ(n) | σ ∈ Sn}, n = 1, 2, . . . ,
where Sn is the symmetric group of degree n. Regev [Re1] proved that the codi-
mension sequence of a proper subvariety R of the variety of all associative algebras
cn(R) = dim(Pn/(Pn ∩ T (R)), n = 1, 2, . . . ,
(and the codimension sequence cn(R) of a PI-algebra R) is exponentially bounded,
i.e. there exists a constant a such that cn(R) ≤ a
n, n = 1, 2, . . .. Amitsur conjec-
tured that the limit
exp(R) = lim
n→∞
n
√
cn(R)
exists and is a nonnegative integer. This conjecture was confirmed by Giambruno
and Zaicev [GZ1, GZ2].
Kemer [K1] developed the structure theory of T-ideals which was in the ground of
his solution of the Specht problem for the existence of a finite basis of the identities
of any variety of associative algebras, see his book [K2] for an account. The key
role of the theory of Kemer is played by the T-prime ideals
T (Mm(K)), T (Mm(E)), T (Ma,b), m ≥ 1, 1 ≤ a ≤ b,
whereMm(K) andMm(E) are, respectively, them×m matrix algebras with entries
from the field K and from the infinite dimensional Grassmann (or exterior) algebra
E. The algebra Ma,b consists of block matrices
(
A11 A12
A21 A22
)
, where A11 and A22
are, respectively, a×a and b× b matrices with entries from the even component E0
of E, and A12 and A21 are, respectively, a× b and b× a matrices with entries from
the odd component E1 of E.
The exponent exp(R) of the variety of algebras R is one of the natural ways
to measure the complexity of the polynomial identities of R. The variety R is
minimal if exp(R) > exp(S) for all proper subvarietiesS ofR. The author [D1, D2]
conjectured that the varieties with T-ideals which are products of T-prime ideals
are minimal. This was confirmed by Giambruno and Zaicev [GZ3, GZ4] who showed
that a variety R is minimal if and only if its T-ideal T (R) is a product of T-prime
ideals. We refer to the book by Giambruno and Zaicev [GZ5] for an account of the
asymptotical results and methods in the theory of PI-algebras.
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It follows from the description of minimal varieties that there is a finite number
of minimal varieties of a given exponent. It is a natural question to ask how many
are they. We shall apply the results of Section 1 to describe the behavior of the
number of minimal varieties of exponent n.
The asymptotics of the codimension sequence of the T-prime ideals was found
by Regev [Re2] for T (Mm(K)) and by Berele and Regev [BR] for T (Mm(E)) and
T (Ma,b). It follows from there that
exp(Mm(K)) = m
2, exp(Mm(E)) = 2m
2, exp(Ma,b) = (a+ b)
2.
A variety of algebras R is of finite basic rank if it is generated by a finitely gener-
ated algebra and of infinite basic rank otherwise. We shall consider two kinds of
generating functions – for varieties of finite and of infinite basic rank. We fix the
notation
a(f.g. codim)(t) =
∑
m≥1
texp(Mm(K)) =
∑
m≥1
tm
2
for the generating function for the exponents of the codimension sequences of T-
prime varieties in the case of finite basic rank and
a(codim)(t) =
∑
m≥1
texp(Mm(K)) +
∑
m≥1
texp(Mm(E)) +
∑
0<a≤b
texp(Ma,b)
=
∑
m≥1
tm
2
+
∑
m≥1
t2m
2
+
∑
1≤a≤b
t(a+b)
2
in the case of all T-prime varieties. Similarly,
b(f.g. codim)(t) =
∑
n≥0
b(f.g. codim)n t
n,
b(codim)(t) =
∑
n≥0
b(codim)n t
n
are the corresponding generating functions for the number of minimal varieties.
Theorem 4.1. Let b(f.g. codim)(t) and b(codim)(t) be the generating functions count-
ing the number of minimal varieties R of associative algebras over a field K of
characteristic 0 of a given exponent, respectively, for the varieties of finite basic
rank and for all minimal varieties. Then
lim
n→∞
n
√
b
(f.g. codim)
n and lim
n→∞
n
√
b
(codim)
n
exist and are equal to α−1, where α is, respectively, the positive solution of the
equation a(f.g. codim)(t) = 1 and a(codim)(t) = 1.
Proof. In the book by Giambruno and Zaicev [GZ5, Corollary 8.5.5, p. 210] it is
proved that the T-ideals of the minimal varieties form a free graded semigroup freely
generated by the T-prime ideals. The grading is defined by deg T (R) = exp(R).
(As the authors mention in [GZ5], the freeness of this semigroup can be deduced
also from the result of Bergman and Lewin [BeL, Theorem 7]). Additionally, the
T-ideals of the minimal varieties of finite basic rank are products of T-ideals of
matrix algebras Mm(K). Since exp(M1(K)) = exp(K) = 1, the greatest common
divisor of the indices of the nonzero coefficients of the power series a(f.g. codim)(t) and
a(codim)(t) is equal to 1 and we can apply Theorem 1.4. Since the coefficients of the
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power series
∑
m≥1
tm
2
and
∑
m≥1
t2m
2
are equal to 0 or 1, their radius of convergence
is equal to 1. This completes the case of minimal varieties of finite basic rank. For
the third power series
∑
1≤a≤b
t(a+b)
2
we have that
∑
1≤a≤b
t(a+b)
2

∑
m≥1
(m− 1)tm
2

d
dt

∑
m≥1
tm
2+1


where u(t)  v(t) means that the coefficients of u(t) are less or equal to the
corresponding coefficients of v(t). This implies that the radius of convergence of
a(codim)(t) is also equal to 1. 
Remark 4.2. Easy computations show that α ≈ 0.7054 for the solution of the
equation a(f.g. codim)(t) = 1 and hence lim
n→∞
n
√
b
(f.g. codim)
n ≈ 1.4176. On the other
hand, the first values
n
√
b
(f.g. codim)
n for n = 1, 2, . . . , 16, are approximately equal to
1, 1, 1, 1.1892, 1.2457, 1.2599, 1.2584, 1.2753, 1.3052, 1.3195,
1.3244, 1.3276, 1.3355, 1.3428, 1.3478, 1.3515,
24
√
b
(f.g. codim)
24 ≈ 1.3732.
We believe that the limits lim
n→∞
n
√
b
(f.g. codim)
n and lim
n→∞
n
√
b
(codim)
n are transcen-
dental numbers but cannot prove it. In the case of finite basic rank this can be
restated as the following problem.
Problem 4.3. Let bn be the number of A-compositions of n for A = {1
2, 22, . . .}.
Is the limit lim
n→∞
n
√
bn transcendental?
Remark 4.4. Theorem 2.1 gives that the solution α of the equation a(t) = 1 is
transcendental when a(t) is a strongly lacunary series. Another theorem of Mahler
[Ma2, p. 42] gives the transcendence of lacunary series, i.e. power series a(t) =∑
i≥1
akit
ki , aki ∈ N, with lim
i→∞
(ki+1 − ki) = ∞. Unfortunately, this result does not
imply the transcendence of the solution α of the equation a(t) = 1 for lacunary
series.
The Gelfand-Kirillov dimension GKdim(R) of a finitely generated algebra R
measures the growth of R. If R is generated by a finite dimensional vector space
V , then the growth function of R with respect to V is
gV (n) = dim(V
0 + V 1 + · · ·+ V n), where V j = span{ri1 · · · rij | rik ∈ V },
and the Gelfand-Kirillov dimension of R is
GKdim(R) = lim sup
n→∞
(logn(gV (n)))
if this upper bound exists. For a background on Gelfand-Kirillov dimension we refer
to the book by Krause and Lenagan [KL] and for applications to PI-algebras the
books [D4, GZ5] and the survey article [D3]. In particular by a theorem of Berele
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[B1] GKdim(R) < ∞ for any finitely generated PI-algebra R. A combination of
the results of Berele [B1] and Markov [M] gives that for the relatively free algebra
Fd(R) = K〈x1, . . . , xd〉/(K〈x1, . . . , xd〉 ∩ T (R)).
GKdim(Fd(R)) is an integer.
Using our approach for the asymptotics of the number of minimal varieties of
a given exponent, we obtain analogous results for the number b
(d-f.g. generated)
n of
minimal varieties R of finite basic rank such that for a fixed integer d > 1 the
Gelfand-Kirillov dimension of the d-generated relatively free algebra GKdim(Fd(R))
is equal to n, and the similar number b
(d-generated)
n for all minimal varieties.
The Gelfand-Kirillov dimension of the relatively free algebras of the T-prime
varieties was calculated by Procesi [P] for var(Mm(K)) and by Berele [B2] for
var(Mm(E)) and var(Ma,b):
GKdim(Fd(var(Mm(K)))) = (d− 1)m
2 + 1,
GKdim(Fd(var(Mm(E)))) = (d− 1)m
2 + 1,
GKdim(Fd(var(Ma,b))) = (d− 1)(a
2 + b2) + 2,
We define
a(d-f.g. generated)(t) =
∑
m≥1
tGKdim(Fd(var(Mm(K)))) =
∑
m≥1
t(d−1)m
2+1, d ≥ 2,
for the generating function of the Gelfand-Kirillov dimension of the d-generated
relatively free algebras in the case of T-prime varieties of finite basic rank and
a(d-generated)(t) = 2
∑
m≥1
t(d−1)m
2+1 +
∑
1≤a≤b
t(d−1)(a
2+b2)+2, d ≥ 2,
for all T-prime varieties.
Theorem 4.5. Let b(d-f.g. generated)(t) and b(d-generated)(t) be the generating func-
tions counting the number of minimal varieties R of associative algebras over a field
K of characteristic 0 with d-generated relatively free algebras of a given Gelfand-
Kirillov dimension, respectively, for the varieties of finite basic rank and for all
minimal varieties. Then for the coefficients of these generating functions
lim
n→∞
n
√
b
(d-f.g. generated)
n and lim
n→∞
n
√
b
(d-generated)
n
exist and are equal to α−1, where α is equal, respectively, to the positive solution of
the equation a(d-f.g. generated)(t) = 1 and a(d-generated)(t) = 1.
Proof. As in the proof of Theorem 4.1 the T-ideals of the minimal varieties form a
free graded semigroup freely generated by the T-prime ideals with grading defined
by degT (R) = GKdim(Fd(R)), see, e.g. [D3, Corollary 3.14]. Since the greatest
common divisor of the indices (d − 1)m2 + 1 of the coefficients of the power series
a(d-f.g. generated)(t) and a(d-generated)(t) is equal to 1, it is sufficient to show that the
radius of convergence of these power series is equal to 1. This is obvious for the gen-
erating functions for GKdim(Fd(var(Mm(K)))) and for GKdim(Fd(var(Mm(E))))
because its coefficients are equal to 0 or 1. Since∑
1≤a≤b
t(d−1)(a
2+b2)+2 
∑
a≥1
t(d−1)a
2+1
∑
b≥1
tb
2+1
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and the radius of convergence of the factors
∑
a≥1 t
(d−1)a2+1 and
∑
b≥1 t
b2+1 is equal
to 1, the same holds for the generating function for GKdim(Fd(var(Ma,b))). 
Again, we do not know whether the limits in Theorem 4.5 are transcendental
but we believe that this is the case.
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